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Abstract 

Let each vertex of a graph G = {V{G), E{G)) be given one of two colors, say, "black" 
and "white" . Let Z denote the (initial) set of black vertices of G. The color-change rule 
converts the color of a vertex from white to black if the white vertex is the only white 
neighbor of a black vertex. The set Z is said to be a zero forcing set of G if all vertices 
of G will be turned black after finitely many applications of the color-change rule. The 
zero forcing number of G is the minimum of \Z\ over all zero forcing sets Z C V{G). 
Zero forcing parameters have been studied and applied to the minimum rank problem 
for graphs in numerous articles. We define the iteration index of a zero forcing set of 
a graph G to be the number of (global) applications of the color-change rule required 
to turn all vertices of G black; this leads to a new graph invariant, the iteration index 
of G - it is the minimum of iteration indices of all minimum zero forcing sets of G. 
We present some basic properties of the iteration index and discuss some preliminary 
results on certain graphs. 

Key Words: zero forcing set, zero forcing number, iteration index of a zero forcing set, Cartesian 
product of graphs, bouquet of circles 

2000 Mathematics Subject Classification: 05C50, 05C76, 05C38, 05C90 



1 Introduction 

The notion of a zero forcing set, as well as the associated zero forcing number, of a simple graph 
was introduced in [T] to bound the minimum rank for numerous families of graphs. Zero forcing 
parameters were further studied and applied to the minimum rank problem in [51 [3J [SJ [SI [7] • In this 
paper, we introduce and study the iteration index of a zero forcing set in a graph; as we'll see, this 
is a very natural graph parameter associated with a minimum zero forcing set of a graph. After the 
requisite definitions and notations on the graphs to be considered, we'll give a brief review of the 
notions and results associated with the zero forcing parameter. 
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In this paper, a graph G = {V{G)^E{G)) has no isolated vertices and is finite, simple, and undi- 
rected. The degree of a vertex v in G is denoted by (legQ{v), and an end-vertex is the vertex of 
degree one. The minimum degree over all vertices of G is denoted by 5{G). For S C V{G), we 
denote by < 5 > the subgraph of G induced by 5, and we denote by G — S* the subgraph of G 
induced by V{G) \ S. For any vertex v G V{G), the open neighborhood of v in G, denoted by Nc{v), 
is the set of all vertices adjacent to v in G, and the closed neighborhood of v, denoted by Ng[v\, is 
the set Nq{v) U {u}; we drop G when ambiguity is not a concern. We denote by P„, G„, and Kn 
the path, the cycle, and the complete graph, respectively, on n vertices. A complete bipartite graph 
with partite sets having p and q vertices is denoted by Kp q. The path cover number P{G) of G 
is the smallest positive integer m such that there are m vertex-disjoint paths P^, P^, . . . , P™ in G 
that cover all vertices of G. The Cartesian product of two graphs G and H, denoted by GDH, is 
the graph with the vertex set V{G) x V{H) such that (it, v) is adjacent to (u', v') if and only if (1) 
u = u' and w' G E{H) or (2) v = v' and wit' G E{G). For other graph theory terminology, we refer 

toH. 

Let each vertex of a graph be given either the color black or the color white. Denote by Z the initial 
set of black vertices. The "color-change rule" changes the color of a vertex w from white to black 
if the white vertex is the only white neighbor of a black vertex u; in this case, we may say that u 
forces w and write u — >■ w. Of course, there may be more than one black vertex capable of forcing 
w, but we associate only one forcing vertex to w at a time. Applying the color-change rule to all 
vertices of Z, we obtain an updated set of black vertices Zi D Z. Clearly, not all vertices in Z need 
to be forcing vertices, and if a vertex u in Z forces w, then u becomes inactive - i.e., unable to force 
thereafter. The vertex w replaces u as a potential forcing vertex in Zi] thus, Zi has at most \Z\ 
many potentially forcing vertices. Applying the color change rule to Zi results in another updated 
set Z2 3 Zi of black vertices. Continuing this process until no more color change is possible, we 
obtain a nested sequence of sets Z = Zq <Z Zi Q . . . C Zn. The initial set Z is said to be a zero 
forcing set if Z„ = V{G). A "chronological list of forces" is a record of the forcing actions in the 
order in which they are performed. Given any chronological list of forces, a "forcing chain" is a 
sequence ui, W2, . . . , 1x4 such that Ui — >■ u^+i for i = 1, 2, . . . , t — 1. In consideration of all lists of 
forces leading from vertices in Z = Zq to all vertices in Zi — Zi-i, we see that \Zi — Zi-\\ < \Z\ for 
each i G {1, 2, . . . , n}. The zero forcing number of G, denoted by Z{G), is the minimum of \Z\ over 
all zero forcing sets Z C V{G). 

A "maximal forcing chain" is a forcing chain that is not a subsequence of another forcing chain. If 
Z is a zero forcing set, then a "reversal" of Z is the set of last vertices of maximal forcing chains 
of a chronological list of forces. The following are some of the known properties of zero forcing 
parameters: 

o [3] For any graph G, 5{G) < Z{G). 

o [5] If Z is a zero forcing set of a graph G, then any reversal of Z is also a zero forcing set of 
G. 

o [2] If a graph G has a unique zero forcing set, then G has no edges; i.e., G consists of isolated 
vertices. 

o [2] For any graph G, P(G) < Z{G). 
o [1] For any tree T, P(r) = Z{T). 

For two graphs G and H such that H C G, one cannot exactly determine Z{G) from Z{H) - or vice 
versa, but the following holds. 

Theorem 1.1. Let G be any graph. Then 

(i) For V G V{G), Z{G) - 1 < Z{G - {v]) < Z{G) + 1. 

(ii) For e G E{G), Z{G) - 1 < Z{G - e) < Z{G) + 1. 
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2 Iteration index of a graph 



To facilitate the precise definition of tlic iteration index I{G) of a graph G, wc shall first more 
precisely (and concisely) define zero forcing parameters in terms of a discrete dynamical system 
associated with G, which we'll call the zero forcing system. 



Definition 2.1. Given any graph G, the zero forcing system induced by a vertex set S C V{G) is 
the following recursively defined sequence of functions Xs ■ ^(^) ^ {^i 1} such that 

, , r ifveS 

~ \ 1 if w e V{G)\S; 

let Xs be defined for i > 0, then 

ifxMw)=0 

X's'^iv) = { if Xsi'") = 1, 3m e N{v) such that Vw £ N[u] with w ^ v, Xs(^) = 

1 otherwise . 

Definition 2.2. A vertex set Z C X^(G) is a zero forcing set if there exists some ri > such 
that Xz(^) = 0, Vw e For i > 1, we define the i-th derived set of Z, denoted by _D^, as 

D^z = {^^ ViG) ■■ X'ziv) - and x^'l^) = !}• 

Definition 2.3. The zero forcing number Z(G) is the minimum of \Z\ over all zero forcing sets 
Z C V{G). And a zero forcing set of cardinality Z{G) will be called a Z(G)-sct. 

Next, we define the iteration index of a graph, on which the present paper is focused. 



Definition 2.4. For any zero forcing set Z of G, the iteration index Iz{G) of Z is the minimum 
n > such that x^W) — for any v G V{G). And the iteration index of G is /(G) = min{|/2(G)| : 
Z is a Z(G)-sct}. 

Note that Z^ for i > 1 as defined earlier is (xz)~\o) = ZU (uj^iL*^). And thus Iz{G) is the length 
n of the strictly increasing sequence of sets Z = C . . . Zn-i C Zn = V{G), where Zn-i ^ V{G). 
In prose, the iteration index of a zero forcing set Z of G is simply the number of global (taking all 
black vertices at each step) applications of the color-change rule required to effect all vertices of G 
black, starting with Z. The minimum (/(G)) among such values for all Z(G)-sets is then an invari- 
ant of G which is intrinsically interesting. From the "real world" modeling (or discrete dynamical 
system) perspective, here is a possible scenario: There are initially \Z\ persons carrying a certain 
condition or trait (anything from a virus to a genetic mutation) in a population of |\^(G)| people, 
where the edges E{G) characterize, say, inter-personal relation of a certain type. If Z is capable of 
passing the condition to the entire population (i.e., "zero forcing"), then Iz{G) may represent the 
number of units of time (anything from days to millennia) necessary for the entire population to 
acquire the condition or trait. 

Now, we consider an algebraic interpretation of Iz{G); it is related to Proposition 2.3 of [T| which 
states that: "Let Z he a zero forcing set of G = {V,E) and A £ S{F,G). [Here, A — (Aij) is 
a symmetric matrix where the diagonal entries are arbitrary elements of a field F and, for i ^ j, 
Aij ^ exactly when ij is an edge of the graph G.] If x g fcer(A) and supp{x.) DZ ~ then x = 0" 
Rephrasing slightly, this says that Xi — (where x = (xj) for each i G Z and Ax ~ together imply 
that Xj = for j ^ Z as well. The length of the longest forcing chain of Z" {LLFC{Z)) appears to 
be the number of steps needed to reach x = by solving the linear system Ax = through naive 
substitution, starting with the data .t,; = for each i £ Z — as Example 1 will show. It's clear 
that Iz{G) is an upper bound for the LLFC{Z). It will be shown in Example 2 that Iz{G) may 
be strictly greater than LLFC{Z). However, Iz{G) has the advantage of being canonically defined, 
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in contrast to the notion of the forcing chain: After fixing a zero forcing set Z , an arbitrary choice 
must be made when there are two or more forcing vertices at any given step. Thus, there may be 
multiple reversals of Z; a reversal of a reversal of Z is not necessarily Z — to name two of the side 
effects of the non-canonical nature of the forcing chain. 

Example 1. Let G = C-^K^, with vertices labeled as in Figure[TJ Notice Z{G) > 6{G) = 3. Since 

1 




Figure 1: 630X2 



{2,4,6} is a zero forcing set, we have Z{G) = 3. Since Z{G) < \V{G)\, we have I{G) > 1. With 
Z = {2,4,6}, we get D\ = {1,3,5}, and so /^(G) = /(G) = 1. 

Now, Z' = {3,4,6} is also a Z(G)-set. Note that L>^, = {2} and 0% = {1,5}. So Iz'iG) = 2. 
Thus, we see that Iz{G) is not constant as Z varies over Z(G)-sets. 

Let A be the generic symmetric matrix associated with the graph in Figure [TJ let v and w be 
supported outside of Z and Z', respectively. Thus 

( wi \ 




W5 
V / 

where a^'s are arbitrary and Cj's are each non-zero real numbers. First suppose — 0. Then we 
have the following system of linear equations: 
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From the second, fourth, and sixth equations above, we get vi — ~ = 0. Here, we reach v = 
in one step, corresponding to LLFC{Z) = Iz{G) = 1. 

Next suppose Aw = 0. Then we have the following system of linear equations: 

ai • Wi + Cl • ti;2 + C3 • ti;5 = (1) 

Cl • wi -f a2 • W2 = (2) 

C2 • wi -f C7 • W5 = (3) 

C4 • W2 = (4) 

(5) 

0. (6) 

From the fourth equation above, we get W2 = 0, which corresponds to D\i. By applying u'2 = to 
the system of linear equations above, we get 



C3 • wi -h 05 • 105 
C5 • «;2 -t- Cg • Wz 
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ai • wi + C3 ■ W5 = (1) 
ci • U.1 = (2) 

< C2 ■ Wi + C7 ■ = (3) 

C3 • wi + a.s • W5 = (4) 

Cg • W5 = 0. (5) 

The second and fifth equations yield wi = = W5, which corresponds to D^,. Here, we reach w = 
in two steps, corresponding to LLFC{Z') = Iz'{G) = 2. 

Example 2. As discussed in the introduction, the notion of "a forcing chain" has been introduced 
and made use of in [T] and elsewhere. However, the length of the longest forcing chain of a graph can 
be strictly less than its iteration index. For example, let T be the tree in Figured Since P{T) = 3, 
Z{T) = 3. One can readily check that there are ten Z(G)-sets for T: {1,2,4}, {1,2,5}, {1,3,4}, 
{1,3,5}, {2,4,5}, {2,4,9}, {2,5,9}, {3,4,5}, {3,4,9}, and {3,5,9}. Further, one can check for Z 
(any of the ten sets) that the length of the longest forcing chain is two, while Iz{T) = I{T) = 3. Let 
A denote the generic symmetric matrix associated with T, and let v £ ker(A) be a vector supported 
outside of Z. Solving Av = through naive substitution starting with the data Vi = for each 
i G Z as we did in the previous example, one sees that the number of steps needed to reach v = 
is LLFC{Z) rather than I{Z). 
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Figure 2: An exmple showing that LLFC{Z) = 2 < Iz{G) = I{G) = 3 



Theorem 2.5. For any graph G that is not edgeless, 

max - 1, l| < /(G) < \V{G)\ - Z{G). 

Proof. Since G has an edge, the cardinality of a minimum zero forcing set Zq is less than |y(G)|; thus, 
I{G) > 1. Apphcation of color-change rule results in a chain of sets Zq C Zi C ■ ■ ■ C Z^. = V{G), 
where k = I{G). Note that \Zq\ = Z{G). Since V{G) is the disjoint union of Zq and Zi — for 
1 < z < /c, we have 

k 

\V{G)\ - \Zo\+Y,\Z^- Z^-l\ < \Zo\ + k\Zo\^{k + l)\Zo\. 
i=l 

So - 1 < fc = /(G). The inequality /(G) < \V{G)\ - \Zo\ is trivial since Z, - Z,^i =^ for 

1 < i < k. This completes the proof. □ 



Remark 1. The bounds in Theorem 12.51 are best possible. We illustrate the sharpness of the 
lower bound with two examples. First notice I{Kn) = 1 (see (i) of Observation 12. 6|) . Sec- 
ond, let G be PsUPt. for s > i > 2, one can readily check that \V{G)\ = st, Z{G) = t, and 
/(G) = s — 1 = ^1^1^ — 1. For the sharpness of the upper bound, Kn again serves as an example. 
As a less trivial example, let G be the graph obtained by joining the center of a star Ki^„i to an 
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Figure 3: A graph G satisfying I{G) = \V{G) \ - Z{G) 



end-vertex of the path P„ (see Figure|31): one can readily check that 11^(0)1 = m + n + 1, Z{G) = m, 
and /(G) =n + l = \V{G)\ - Z{G). 

In [T], the zero forcing number for a cycle, a path, a complete graph, and a complete bipartite 
graph (respectively) was obtained; i.e., (i) Z{Pn) = 1 for n > 2; (ii) Z{C„) = 2 for ti > 3, (iii) 
Z[Kn) = n — 1 for n > 2, and (iv) Z{Kp^q) = p + q — 2, where p,q>2. 

Observation 2.6. 

(i) I{Kn) = 1 for n>2, since Z{Kn) = n — 1. 

(ii) I{Pn) =11—1 for n>2, since Z[Pn) = 1 and only an end-vertex is a minimum zero forcing 
set. 

(iii) I{Cn) = [■^^Y^l forn > 3, since Z(C„) = 2 and only an adjacent pair of vertices is a minimum 
zero forcing set. 

(iv) I{Ki^q) = 2 for q > 2, since Z[Ki,q) = q — 1 and any minimum zero forcing set must omit 
the central vertex along with an end-vertex. 

(v) I{Kp^q) = 1 for p,q, > 2, since Z{Kp_q) = p + q — 2 and one may choose the minimum zero 
forcing set that omits a vertex from each partite set. 

3 Zero forcing number and Iteration index of the Cartesian 
product of some graphs 

Consider GDH with |G| = s and |i/| = t. Let the t copies of G to be G^^^, G^^^ . . . , G^*) from the 
left to the right and let the s copies of H to be H^^\ H'^'^\ . . . , H^^^ from the top to the bottom. 
The vertex labeled {x,y) in GDH is the result of the intersection of G'^-* and H^^\ See Figure|4]for 
G = Ps and H = Pt. The Cartesian product PsOPt is also called a grid graph. 

In [T], it is shown that Z{PsDPt) = min{s,t} for s,t > 2, Z{CsDPt) = min{s,2i} for s > 3,t > 2, 
Z{KsDPt) = sioi s,t> 2, Z{KsOKt) = si - s - t + 2 for s, t > 2, and ZiCsOKt) = 2t for s > 4. 

Theorem 3.1. 

(i) Fort>s>2, liPsDPt) =t-l 

(ii) For s,t>2, I{KsDPt) = t-l. 

(lit) For 3 > 2, and t > 2, /(GsDPt) = 
(iv) Fors>A and t > 2, I{CsUKt) 



s-2 l 
2 



\ 

t - 1 



if s>2t 
if s< 2t. 
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:(1,2) ^1,3) (1.4) 

- 4f — • — 



(3,*);; ; ; 



1(5,2) (.,3) {s,4) 



'-i(s.t 



Figure 4: The grid graph PglDPt 



Proof, (i) Since Z{PsnPt) = s, I{PsDPt) > t-1 by TheoremHH If we take Zq = {(1, 1), (2, 1), . . . , (s, 1)} 
as a Z{PsnPt)-set (see FigureH]), then, for each 1 < i < s, — + 1) if 1 < < < — 1- Hence 
= ViPsUPt), so /(P.DPt) < t - 1. 

(m) Since Z(A'^nPt) = s, I{K,UPt) > t-1 by Theoremd^] If we take = {(1, 1), (2, 1), . . . , (s, 1)} 
as a Z(iirsnPt)-set (see Figure [S] for Kc^OP^), then, for each 1 < i < s, ihj) ^ ihj + 1) if 
l<j <t-l. Hence = V(K,DPt), so /(if^nPt) < t - 1- 

(mi) We consider two cases. 

Case 1. s > 2t: Then ZiCsOPt) ^ 2t, and /(C^DPO > by Theorem O By taking Zq = 

{(1, !),(!, 2),..., (l,t)} U {(s,l),(s,2),...,(s,t)} as a Z(CsnPt)-set, we have, for each I < j < t, 
that (i,j) ^ (i + for 1 < i < [f ] - 1 and (i, 7) ^ (« - for [f J + 2 < i < s. Hence 
^r^T = ^(C.DPO, so /(C.DPt) < \^]. Thus /(C.DPt) = \^]. 

Case 2. s < 2t: Then ZiCsOPt) = s, and /(CsDPt) > t - 1 by Theorem [231 If we take 
Zq = {(l,l),(2,l),...,(s,l)} as a Z(C,.nPt)-set, then, for each 1 < i < s, {ij + l) if 

1 < j < i - 1- Hence Zt-i = V{CsnPt), so liCsUPt) < t - 1. Thus liCsUPt) ^t~l. 

(iv) Since ^(C^nXt) 2t, I{C,nKt) > by Theorem^ By taking Zq = {(1, 1), (1, 2), . . . , (1, t)} 

U{(s, 1), (s,2), . . . , {s,t)} as a Z(Csniir4)-set, we have, for eacli I < j < t, that — > (i + 

for 1 < i < [f ] - 1 and (i, j) (i - for [f J + 2 < i < s. Hence Z^s-2^ ^ y(C,.nA't), so 

liCsOKt) < r^]. ' □ 



(1,1) Xi2) s (1,3) 
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Figure 5: The Cartesian product K^jOP^ 
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Next we consider KgOKt (see Figure [6] for K^DK4). By (i) and (ii) of Theorem 13. 1[ we have 
I{K2DK2) = I{P2nP2) = 1 and /(A'3nX2) = I{K3nP2) = 1. 




Theorem 3.2. For s,t > 3, I{KsUKt) = 2. 

Proof. Since Z{KsUKt) ^st-s-t + 2< \V{KsaKt)\, I{KsUKt) > 1. Assume, for the sake 
of contradiction, that I{KsDKt) = 1. Take any Z{KsDKt)-set Z with IziKgDKt) = 1 and let 
wi,W2t ■ ■ ■ ,Wx be an ordered hsting of all the vertices not in Z] i.e, the "white vertices". Without 
loss of generality (WLOG), let i > s > 3. Let wi be located in the i-tli row and j-tli column 
(see Figure in]). Since Iz{KsOKt) = 1, there must exist a "black" vertex h E Z located in the i-th 
row or j-th column such that each w G Af[6] \ {wi\ is in Z, and b forces wi. Thus, wi implies the 
existence of s + t — 2 black vertices. Likewise, each Wi implies the existence of (not counting overlaps) 
s + t — 2 black vertices - namely a "black row" and a "black column" , disregarding Wi itself. Having 
considered all the black rows and black columns (disregarding the Wis) corresponding to vertices 
wi through Wq for 1 < q < x, consider Wg+i. Notice that either the black row or the black column 
(again, disregarding lUg+i itself) corresponding to w^+i must be "new" , since either the correspond- 
ing row or corresponding column contains Wq+i: this means that lUg+i implies the existence of at 
least s — 1 new black vertices. We thus have the inequality s + 1 — 2 + (x — l)(s — 1) < si — s — i + 2, 
which easily implies that x < t, contradicting the fact x = t + s — 2 and the hypothesis t > s > 3. 
Hence I{K,nKt) > 2. 

On the other hand, if we take Zq = (U*^i{(2,j), (3, j), . . . , (s,j)})U{(l, 1)} as a Z{KsDKt)-set with 
\Zo\ = st - s - t + 2, then, for each 2 < i < s, (i, 1) ^ {i,t); so Zi = U {(2,i), {3,t), . . . , {s,t)} = 
V{KsnKt) \ {(l,2),(l,3),...,(l,t)}. Next, for each 2 < j < t, (s,j) ^ (l,j), and thus Z2 = 
V{K,nKt). Therefore, I{K,DKt) < 2. □ 

Remark 2. Noticing ZiCsDKt) = ZiK^UKt) = 2t - 1, we have /(CgDi^a) = /(CsDPa) = 1 by 
(iii) of TheoremO and /(CaD/^t) = 2 for t > 3 by Thcorcm[3;i 

We recall that 

Proposition 3.3. (fJ^, Prop. 2.5) For any graphs G and H, Z{GUH) < mm{Z{G)\H\, Z{H)\G)\}. 

Proposition 3.4. Let t > s > 3. Then 

Z{CsDCs) < 2s - 1 ifsis odd (1) 
zlCsOCs) <2s if s IS even (2) 

Z{CsUCt) < 2s (3). 

Proof. Since Z{Cm) = 2 for any m > 3, parts (2) and (3) of the conclusion follow immediately from 
Proposition [331 so we only need to show part (1) of the conclusion. It's obvious that 2s many black 
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vertices on two adjacent cycles (Cg) form a zero forcing set. It thus suffices to show that starting 
with 2s — 1 black vertices on two adjacent cycles, after finitely many applications of the color-change 
rule, one obtains two adjacent cycles as a subset of the set of black vertices. This can be seen as 
follows: Label the vertices on C^nCs by («, j), where 1 < i, j < s. Take as the initial set of 
black vertices {(«, j) : 1 < i < 2 and 1 < j < s} \ {(1, ^-y^)} (recall that s is odd). One can readily 
check (see Figure [7]) that after applications of the color change rule, the two adjacent cycles 
{(*! j) : 1 < « < s and j G {1, s}} will consist of only black vertices. □ 




Figure 7: The set of black vertices is a zero forcing set Zq of CsDCs, the number m in each 
vertex indicates that the vertex is in Zm, and the arrows indicate possible forcing chains 
corresponding to Zq. 



Remark 3. Note that ^(CgnCa) = ^(/van/^a) = 5 and /(CgDCa) = /(/-iTgD/^g) = 2 by Theorem 
O Also note that ZiC^UC^) = Z{K^QCi) = 6 and I{C:iUCi) = /(ifgDQ) = = 1 by (iv) 

of Theorem 13. II Further, one can check that Z{CiUCi) = 8 and I{C4DC4) = 1. Thus we have the 
following 

Conjecture. Let t > s > 3. Then 

Z{CsDCs) = 2s - 1 if s is odd 
Z{CsDCs) = 2s if s is even 

ZiCsUCt) = 2s . 

4 Upper bounds of iteration index of triangular grids and 
and king grids 

The triangular grid graph, denoted by PsSPt, can be obtained from the grid graph PsOPt by adding 
a diagonal edge of negative slope to each C4 square. In [5], it was shown that Z{Ps!SiPt) = s if 
t > s >2. Figure [8] shows a zero forcing set of P4HP10 and its forcing chain, where the set of black 
vertices is a zero forcing set Zq and the number m in each vertex indicates that the vertex is in Zm- 




Figure 8: The 4 x 10 triangular grid graph and its zero forcing chain 



Theorem 4.1. Fort> s>2, /(P^SP*) < 2t + s - 4. 
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Proof. Refer to (A) of Figure [9] for the labeling of vertices. It's known that Z{PsSPt) = s for 
2 < s <t. Take Zq = {(0,0), (0,1), . . ., (0,s - 1)}. We'h show that the vertex € Z2z+j-i for 
(jz. Zq: the theorem would then follow since the range of the function n = n{i,j) = 2i + j — 1 
over the lattice A = {1, 2, . . . , t - 1} x {0, 1, . . . , s - 1} for 2 < s < t is the set {1, 2, . . . , 2t + s - 4}. 
We'll induct on n e {1, 2, . . . , 2t + s - 4}. 

We prove by strong induction. Let n = 1. The only solution to 2i + i — 1 = 1 for G A is (1, 0). 
One sees immediately that (1,0) G Zi, since it's forced by (0,0) G Zq. 

Suppose (j,j) G Zn=2i+j-i for all G A such that 1 < 2i+j — 1 < uq, where 2 < ng < 2t + s — 4. 
We need to show, for with 2i + j — 1 = uq, that G Zng. Now, (i, j) G Zn^ ("white vertex" 
is turned "black" in or before the ng-th iteration) if (i, j) has a neighbor ("black vertex") (i', j') 
such that {x,y) G iV[(i',j')] \ {(i,j)} implies 2x + y — l<no — 1 (i.e., the vertex {x,y) has been 
turned "black" in or before the (no — l)-th iteration). We claim that the vertex may be taken 

to be (i — l,j): (B) of Figure |9] shows the local picture where \N[{i — l,j)]| = 7, the maximum 
possible; it's trivially checked that 2x + y — 1 < tiq for any {x,y) G N[{i — \ □ 




(1,0) (2,0) (3,0) (4,0) (5,0) (6,0) (7,0) (8,0) (9,0)=(i - 1,0) 

(A) (B) 

Figure 9: The labeling of 4 x 10 triangular grid graph and N[{i — 1, j)] 



The king grid graph, denoted by Pg^ Pt, can be obtained from the grid graph PsOPt by adding 
both diagonal edges to each C4 square. In [1], it was shown that Z{Ps Kl Pt) = s + 1 — 1 for s,t > 2. 
Figure ITOl shows P4 ^ Pio and P3 Kl Pio, along with a zero forcing set and its forcing chain for each 
graph. 





Figure 10: P4 Kl Pio and P3 Kl Pio, together with a zero forcing set for each graph: the 
number m in each vertex indicates that the vertex is in Z^. 



Theorem 4.2. For s, t > 2, /(P, ^Pt) < s + t-3. In fact, I{P3 M Pt) < t - I for t >2. 

Proof. Refer to Figure [TT] for the labeling of vertices. Noting Z{Ps M Pt) = s + t - I, \ct Zq ^ 
(Uj=o{(0, j)}) U (U-^i{(i,0)}). We'h show that the vertex (z,j) G Zn=z+j-i for {i, j) ^ Z^: the first 
assertion of the theorem would then follow since the range of the function n — n{i, j) = i + j — 1 
over the lattice A = {1, 2, . . . , t - 1} x {1, . . . , s - 1} for s, t > 2 is the set {1, 2, . . . , s + 1 - 3}. We'h 
induct on n G {1, 2, . . . , s + t — 3}. 

We prove by strong induction. Let n = 1. The only solution to i + j — 1 = 1 for {i,j) G A is (1, 1). 
One sees immediately that (1, 1) G Zi, since it's forced by (0, 0) G Zq. 
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Suppose G -^no-i fo'' £ ^ such that I < i + j — I < uq — I, where 2<7io<s + t — 3. 

We need to show, for with i + j — 1 = no, that E Zn„- Notice {i — 1, j — 1) is adjacent to 
and it suffices to show that {x, y) G N[{i — 1, j ~ 1)] \ {(i, j)} imphes x + y — 1 < tiq. But this 
is obvious — in view of the coordinates assigned to the vertices. 

Next, consider the particular case of PsMPt for < > 2. If we take Zq = (U-Zo{(i, 1)}) U {(0, 0), (0, 2)} 
with \Zq\ = t + 2, then, for each < ? < t - 2, we have that (i, 0) (i + 1, 0) and {i, 2) ^ (i + 1, 2). 
Hence Zt_i = ViP^ M Pt); i.e., /(P3 ^Pt)<t-l. □ 




Figure 11: The king grid graph P4 Kl Piq 



5 Zero forcing number and iteration index of a bouquet of 
circles 

The bouquet of circles - the figure 8, in particular - has been studied as a motivating example to 
introduce the fundamental group on a graph (see p. 189, [5]). More recently, Llibre and Todd jS], for 
instance, studied a class of maps on a bouquet of circles from a dynamical system perspective. 

For 2 < ki < k2 < ■ ■ ■ < fcn, let Bn = (fci, ^2, . . . , fc„) be a bouquet of n > 2 circles C^, C^, . . ., 
C", with the cut-vertex v, where ki is the number of vertices of C* — {v} (l < i < n). (The n = 1 
case has already been addressed.) Let V{C^) = {v,Wis,Wi^2, ■ ■ ■ ,Wi^ki} such that vwi^i G E{Bn) 
and vwi^ki ^ E{Bn), and let the vertices in C" be cyclically labeled, where 1 <i <n. See Figure fT2l 
for Bz = (2,3,4). Note that \V{Bn)\ = 1 + Er=i ki, where /c^ > 2. 




Figure 12: A bouquet of three circles, ^3 = (2, 3, 4) 



Theorem 5.1. Let Bn = (fci, ^2, . . . , fc„) &e a bouquet of n circles with cut-vertex v. Then Z{Bn) = 
n + 1. 

Proof. One can readily check that {v} U {lOi.i | 1 < z < n} form a zero forcing set for i?„, and thus 
Z{Bn) < n + 1. To prove the theorem, we need to show Z(Bn) > n + 1. We make the following 
claims. 

Claim 1. At least one vertex from each — {v} {1 < i < n) belongs to a Z(i?„)-set. 
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Proof of Claim 1: This is clearly true by the assumption that ki > 2 for each i - one black vertex 
(namely v) on can not "force" . 

Claim 2. Any Z(i?„)-set contains a pair of adjacent vertices on a C for some i. 

Proof of Claim 2: This is because the degree of every vertex is at least two, and a set of isolated 
black vertices can not force. 

By Claims 1 and 2, we have Z{Bn) > n + 1. □ 

Theorem 5.2. Let _B„ = (fci, fc2j • ■ • 7 ^n) o, bouquet of n circles with the cut-vertex v, where n > 2 
and ki > 2 (1 < i < n). Then I{Bn) = 



fc,i+fc„-i 



Proof. Let Zq be a Z{B„)-set. First, assume that Zq contains the cut vertex v. We show Izo{Bn) 



1. Of course, I{Bn) < Izo{Bn) by definition. 



Notice that there is a unique Z{B„)-set containing the cut-vertex v up to isomorphism of graphs. We 
take Zq = {v} U {wi^i | 1 < i < n}. The presence of v in Zq ensures that the entire bouquet will be 
turned black as soon as the vertices in the longest cycle C" are turned black. If fc„ < fc„_i + 1, then 
the white vertices of C" are turned black one at a time, and thus Izg (-Bn) — kn~^ — ] — 1. 

If kn > kn-i + 2, then the white vertices of C" are turned black one at a time until (fc„_i — l)-th 
step and two at a time thereafter. This means that V{Bn) \ {wn.{k„^i)+iTWn (^k^_-^-j^2j ■ ■ ■ iW„.k„} 
belongs to 2^(fc„_i)-i, and 1 < \Zx+i — Z^l < 2 for x > fc,i_i. {\Zx+i — Z^l may be less than 2 only 
if .T + 1 = Iz„{Bn).) Thus, Iz„{Bn) = fc„_i - 1 + [ """""-^ = ' 1- 



Second, we show that if Zq does not contain v, then Iza{Bn) > 



- 1. 



By Claims 1 and 2 in the proof of TheoremEU we have 2 < |Zo n y(C""i U C")| < 3. We note 
that the entire bouquet will not be turned black until all vertices in C"""'^ U C" are turned black. 
If \Zq n y(C"-i U C")| = 2, then \Zq n y(C"~i)| = |Zo n F(C")| = 1, and forcing on C"-i U C" 
can not start until v is turned black. Since v G Z^n for some to > 1, by the same argument as in 
the upper bound case, we have Izo{Bn) > to + "| _ i > [ ''"''~^"~^ ]. We can thus assume 

that \Zq n F(C"~^ U C")| = 3. Observe that the lower bound is proved if we show that at most two 
vertices in < V{C^^^ U C") > are turned black at a time. 

WLOG, assume \Zq n C"~^| = 2, as the other case where \Zq n C"| = 2 is very similar. Then two 
vertices in C"~^ are turned black at each step and no forcing occurs in C" until the cut-vertex v is 
turned black. Now, if v is the last vertex on C"~^ to be turned black, then it's clear that at most 
two vertices in < V{C^''~^ UC") > are turned black at a time - since, obviously, with any Z{Bn)-set 
at most two vertices are turned black on any cycle C" at each step. On the other hand, if v is turned 
black before C"~^ is turned entirely black, then v, being a neighbor to at least two white vertices, 
can not force until C"~^ is turned entirely black. We've thus shown that Zmr\V{C"~^UC") contains 
at most two forcing vertices for any m or, equivalently, at most two vertices in < V{C"^^ U C") > 
are turned black at a time. □ 
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